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 Recently, Yan and Sun 1 generalized the strengthened Carleman’s
 inequality obtained in 2 . The following Carleman’s inequality is well
 known 3
THEOREM A. Let a  0, n 1, 2, . . . , and 0Ý a  . Thenn n1 n
 
1na a  a  e a . 1Ž . Ž .Ý Ý1 2 n n
n1 n1
 The main result of 1 is the following theorem
  THEOREM B 2 . Let a  0, n 1, 2, . . . , and 0Ý a  . Thenn n1 n
12  11na a  a  e 1 a . 2Ž . Ž .Ý Ý1 2 n nž /n 15n1 n1
The main result of this paper is the following theorem
THEOREM 1. Let a  0, n 1, 2, . . . , and 0Ý a  . Thenn n1 n

1na a  aŽ .Ý 1 2 n
n1
 1 1 1
 e 1   a . 3Ž .Ý n2 3ž /2 n 1Ž . 24 n 1 48 n 1Ž . Ž .n1
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To prove Theorem 1, we need the following lemma.
LEMMA 1. For x 0, we hae
x1 1 1 1
1  e 1   . 4Ž .2 3ž /x 2 1 xŽ . 24 1 x 48 1 xŽ . Ž .
Ž .Proof. The right side of 4 can be written as
48 y3  24 y2  2 y 1
e , where y x 1 1.348 y
Define
x348 y 1
p x  1 , y x 1.Ž . 3 2 ž /x48 y  24 y  2 y 1
Ž .We need to show p x  e for x 0.
Ž . Ž Ž .. Ž . 3 2 Ž .Let q x  lnp x , r y  48 y  24 y  2 y  1. Then q x 
Ž . Ž . Ž .ln 1 x  lnx 2y r  y r y . By Taylor’s formula
 1 1
ln 1 x  lnx Ž . Ý Ýk kkyk 1 xŽ .k1 k1
Ž . Ž .  Ž k .we have Q y  q x  2yÝ 1ky  r r; thereforek1
22 1 rr   r Ž .
Q y   Ž . Ý2 k1 2y y rk1
2 3 y 2 rr   r Ž . Ž .
 2 2y y 1 rŽ .
22 23 y 2 r  y y 1 rr   r Ž . Ž . Ž .Ž .
 2 2y y 1 rŽ .
584 y3  152 y2  5 y 2
 2 2y y 1 rŽ .
Ž . Ž . Ž .and Q y  0 for y 1. Hence Q y is decreasing on 1,  . As
lim Q y  0Ž .
y
Ž . Ž .we have Q y  0 which implies p x  0. It is easy to see
lim p x  e.Ž .
x
Ž . Ž Hence p x  e for x	 0,  .
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1 mŽ .Proof of Theorem 1. Let c  1 m, m 1, 2, . . . . Then by them m
arithmetic-geometric average inequality, we have
1n  c a c a  c a1 1 2 2 n n1na a  a Ž .Ý Ý1 2 n ž /c c  c1 2 nn1 n1

1n 1n c c  c c a  c aŽ . Ž .Ý 1 2 n 1 1 n n
n1
 n11n k
 c c  c c aŽ .Ý Ý1 2 n knn1 k1
  1 1n c a c c  cŽ .Ý Ýk k 1 2 nnk1 nk
  1
 c aÝ Ýk k n n 1Ž .k1 nk
 1
 c aÝ k kkk1
k 1
 1 a .Ý kž /kk1
By Lemma 1, we have

1na a  aŽ .Ý 1 2 n
n1
 1 1 1
 e 1   a .Ý n2 3ž /2 n 1Ž . 24 n 1 48 n 1Ž . Ž .n1
Remark 1. It is easy to verify that
1 1 1
0 1  22 n 1 48 n 1Ž . Ž .24 n 1Ž .
1 1
 1  22 n 1Ž . 24 n 1Ž .
121
 1 , for n 1, 2, . . . .ž /n 15
Thus, Theorem 1 improves Theorem B and Theorem A.
NOTE694
Remark 2. Lemma 1 can be further refined as
x1
1ž /x
1 1 1 73
 e 1   2 3 42 1 xŽ . 24 1 x 48 1 x 5670 1 xŽ . Ž . Ž .
11 1945
  .5 61280 1 x 580608 1 xŽ . Ž .
Therefore, Theorem 1 can also be further refined. The proof of the above
inequality is similar to the proof of Lemma 1, but it is considerably longer
and complicated.
Conjecture. Let x 0. Then the following equality holds
x 1 ak
1  e 1 ,Ý kž /x 1 xŽ .k1
1 1 1 73 11 1945where a  , a  , a  , a  , a  , a  .1 2 3 4 5 62 24 48 5670 1280 580608
Conjecture. Is a  0 for k 7?k
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